Uniqueness of norm on Lp(G) and C(G) when G is a compact group  by Extremera, J. et al.
Journal of Functional Analysis 197 (2003) 212–227
Uniqueness of norm on LpðGÞ and CðGÞ when
G is a compact group
J. Extremera,1 J.F. Mena,2 and A.R. Villena3,*
Departamento de Ana´lisis Matema´tico, Facultad de Ciencias, Universidad de Granada,
18071 Granada, Spain
Received 1 August 2001; accepted 14 June 2002
Abstract
Let G be a compact group. If the trivial representation of G is not weakly contained in the
left regular representation of G on L20ðGÞ and X is either LpðGÞ for 1oppN or CðGÞ; then we
show that every complete norm j  j on X that makes translations from ðX ; j  jÞ into itself
continuous is equivalent to jj  jjp or jj  jjN respectively. If 1oppN and every left invariant
linear functional on LpðGÞ is a constant multiple of the Haar integral, then we show that every
complete norm j  j on LpðGÞ that makes translations from ðLpðGÞ; j  jÞ into itself continuous
and that makes the map t/Lt from G into LðLpðGÞ; j  jÞ bounded is equivalent to jj  jjp:
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1. Introduction
The uniqueness-of-norm problem is a classical topic in automatic continuity
theory which has been mainly developed in the context of Banach algebras. The most
important result in this area is the famous Johnson theorem [6] that every semisimple
Banach algebra ðA; jj  jjÞ carries a unique Banach algebra topology. This entails that
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every complete norm j  j on A that makes multiplication operators from ðA; j  jÞ into
itself continuous is automatically equivalent to jj  jj:
It has been recently shown by Jarosz [5] that every complete norm j  j on LpðTÞ for
1opoN that makes translations from ðLpðTÞ; j  jÞ continuous is equivalent to jj 
jjp: This result has been extended in [3] to LpðGÞ for any compact and connected
abelian group G: In this paper we extend Jarosz result to a wide variety of
nonabelian compact groups by proving that if the trivial representation of a compact
group G is not weakly contained in the left regular representation of G on L20ðGÞ and
X is either LpðGÞ for 1oppN or CðGÞ; then the norm jj  jjp is the only complete
norm on X that makes all translations continuous. This class of groups includes the
matrix groups SOðnÞ for nX3 (note that SOð2Þ ¼ T and hence [5] applies in this
case) and all compact simple Lie groups. It is known [12,16] that for this class of
groups every left invariant linear functional on X is continuous. In fact, it turns out
that the uniqueness of translation invariant norms on LpðGÞ is closely related to the
classical problem whether or not every translation invariant linear functional is
automatically continuous. As a matter of fact, we show that if 1oppN and if the
compact group G is such that every left invariant linear functional on LpðGÞ is
continuous, then every complete norm j  j on LpðGÞ that makes translations from
ðLpðGÞ; j  jÞ into itself continuous and that makes the map t/Lt from G into
LðLpðGÞ; j  jÞ bounded is equivalent to jj  jjp: It should be pointed out that
the former condition is fulﬁlled in the case when the map t/Lt f from G into
ðLpðGÞ; j  jÞ is continuous for each fALpðGÞ: Moreover we show that if X is either
LpðGÞ for 1pppN or CðGÞ and if there exists a discontinuous two-sided invariant
linear functional on X ; then there exists a complete norm j  j on X that makes
translations from ðX ; j  jÞ into itself continuous, that makes the maps t/Lt and
t/Rt from G intoLðX ; j  jÞ bounded, and that is not equivalent to jj  jj: There is a
number of authors who have made substantial contributions to automatic continuity of
translation invariant linear functionals. For an excellent survey of those obtained prior
to 1981 we refer the reader to [9]. Some results obtained since then are quoted here.
2. Preliminaries
A unitary representation of a locally compact group G is a strongly continuous
homomorphism p of G into the group of unitary operators on some nonzero Hilbert
space Hp: A subspace M of Hp is said to be p-invariant if pðtÞðMÞCM for each tAG:
p is said to be irreducible if there are no nontrivial closed p-invariant subspaces of
Hp: Two unitary representation p and p0 are said to be equivalent if there is a unitary
operator U :Hp-Hp0 such that UpðtÞ ¼ p0ðtÞU for each tAG: We shall denote by Gˆ
the set of equivalence classes of irreducible unitary representations of G and we shall
denote by ½p the class of an irreducible unitary representation p of G:
Throughout the paper, G stands for a compact group and ðX ; jj  jjÞ is either
ðLpðGÞ; jj  jjpÞ for 1pppN or ðCðGÞ; jj  jjNÞ: We assume that the Haar measure l
on G is normalized so that lðGÞ ¼ 1: It is well-known that every irreducible unitary
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representation of G is ﬁnite dimensional. Every unitary representation p of G
determines a continuous operator, still denoted by p; from X into LðHpÞ which is
deﬁned by
pð f Þ ¼
Z
G
f ðtÞpðtÞ dt
for each fAX : It is evident that pðX Þaf0g: For every tAG we deﬁne the left and
right translation operators Lt and Rt from X onto itself by
ðLt f ÞðxÞ ¼ f ðt1xÞ and ðRt f ÞðxÞ ¼ f ðxtÞ
for all fAX and xAG: Let A denote the subalgebra of the algebra of all linear
operators from X into itself generated by all the right translation operators on X : A
standard fact we shall use is that, for tAG and fAX ; we have
pðRt f Þ ¼ pð f Þpðt1Þ: ð1Þ
Moreover, we have
pðLt f Þ ¼ pðtÞpð f Þ:
For Banach spaces X and Y we shall denote by LðX;YÞ the Banach space of all
continuous operators from X into Y (we shall write LðXÞ instead of LðX;XÞÞ: For
simplicity of notation, we shall denote by jj  jj the operator norm of LðX;YÞ
irrespective of X and Y: A key notion to study the continuity of a linear map F from
X into Y is that of the separating space SðFÞ of F which is deﬁned as follows:
SðFÞ ¼ fyAY : there exists ðxnÞ-0 in X with ðFðxnÞÞ-yg:
The separating space is a closed subspace of Y that measures the closedness of F and
the closed graph theorem shows that F is continuous if and only if SðFÞ ¼ f0g: For
a thorough discussion of the separating space we refer the reader to [14].
In the sequel X will be assumed to be equipped with a complete norm j  j that
makes translations from ðX ; j  jÞ into itself continuous. Therefore
ACLðX ; jj  jjÞ-LðX ; j  jÞ: ð2Þ
We shall denote by iX the identity map from ðX ; j  jÞ onto ðX ; jj  jjÞ; and we shall
abbreviate SðiX Þ to S: It should be noted that, on account of the open mapping
theorem, j  j is equivalent to jj  jj if and only if iX is continuous and this latter
condition is equivalent to S ¼ f0g: In order to check whether or not S ¼ f0g we
shall consider the subset D of Gˆ deﬁned by
D ¼ f½pAGˆ : pðSÞaf0gg:
This deﬁnition makes sense because if p0A½p and U : Hp-Hp0 is a unitary operator
such that UpðtÞ ¼ p0ðtÞU for each tAG; then Upð f Þ ¼ p0ð f ÞU for each fAX and so
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pðSÞ ¼ f0g if and only if p0ðSÞ ¼ f0g: We now gather together a few properties that
we shall use in the sequel.
Lemma 2.1. The following assertions hold:
(i) S is translation invariant.
(ii) Sði1X Þ ¼ S:
(iii) Let fAX be such that pð f Þ ¼ 0 for each ½pAGˆ: Then f ¼ 0:
(iv) j  j is equivalent to jj  jj if and only if D ¼ |:
Proof. The proof of ﬁrst and second assertions are just a straightforward
veriﬁcation.
We now suppose that f satisﬁes the hypothesis of (iii). Then
R
G
f ðtÞtðtÞ dt ¼ 0 for
each trigonometric polynomial t: Since trigonometric polynomials are dense in CðGÞ
with the uniform norm, it may be concluded that
R
G
f ðtÞgðtÞ dt ¼ 0 for each gACðGÞ
which yields f ¼ 0:
Finally, from the third assertion it follows immediately that D ¼ | if and only if
S ¼ f0g and this latter condition is equivalent to the property that j  j is equivalent
to jj  jj: &
Lemma 2.2. Let X; Y; and Z be Banach spaces and let F a linear map from X into Y:
Then there exists a constant D1 such that jjCFjjpD1jjCjj for each CALðY;ZÞ such
that CF is continuous.
Proof. Set U ¼ fCALðY;ZÞ :CF is continuousg: From the Banach–Steinhaus
theorem it follows that U is closed in LðY;ZÞ: On the other hand, from the closed
graph theorem it may be concluded that the map C/CF from U into LðX;ZÞ is
continuous. Certainly, this implies the truthfulness of the lemma. &
Our method of proof involves the so-called gliding hump argument. This is a basic
principle in automatic continuity and for a recent account of this theory we refer the
reader to [1]. The following result illustrates this technique.
Lemma 2.3. Let X and Y be Banach spaces and let F be a linear map from X into Y:
Suppose that there exist TnALðXÞ and continuous linear operators Sn from Y into
Banach spaces Yn such that SnFT1?Tm is continuous for m4n; then SnFT1?Tn is
continuous for sufficiently large n:
3. Gliding hump sequences
Needless to say that we shall apply Lemma 2.3 with F ¼ iX : Of course, it is
required to construct the appropriate sequences ðTnÞ and ðSnÞ of continuous
operators. This is just the purpose of this section. It should be pointed out that the
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main difﬁculty in carrying out this construction is the following. When dealing with
translation invariant norms (unlike algebra norms) we are concerned with the
noncomplete algebra A and therefore the classical approach, such as in [7], does not
work here.
Lemma 3.1. Let p be an irreducible unitary representation of G; let Y be a right
invariant linear subspace of X ; and let xAHp\f0g: If pðY ÞðxÞ ¼ f0g; then pðYÞ ¼ f0g:
Proof. Set M ¼ fyAHp : pð f ÞðyÞ ¼ 0 for each fAYg: Obviously xAM and it is
easily seen that M is a linear subspace of Hp: Let yAM and tAG: For every fAY we
have Rt1ð f ÞAY and taking into account (1) we conclude that pð f ÞpðtÞðyÞ ¼
pðRt1ð f ÞÞðyÞ ¼ 0: Consequently, M is p-invariant. Since p is irreducible, it follows
that M ¼ Hp which yields pðYÞ ¼ f0g: &
We verify next that each irreducible unitary representation of G extends by
linearity to a representation of A:
Lemma 3.2. Let p be an irreducible unitary representation of G: Then there is a linear
map p from A into LðHpÞ that satisfies the following properties:
(i) pðTð f ÞÞ ¼ pð f ÞpðTÞ for all fAX and TAA:
(ii) pðRtÞ ¼ pðtÞ1 for each tAG:
(iii) pðSTÞ ¼ pðTÞpðSÞ for all S; TAA:
Moreover if p0A½p and U : Hp-Hp0 is a unitary operator such that UpðtÞ ¼ p0ðtÞU
for each tAG; then UpðTÞ ¼ p0ðTÞU for each TAA:
Proof. Let TAA and suppose that there are G;G0ALðHpÞ such that pðTð f ÞÞ ¼
pð f ÞG ¼ pð f ÞG0 for each fAL1ðGÞ: For every xAHp we have pð f ÞðG G0ÞðxÞ ¼ 0
for each fAX and the preceding lemma now shows that ðG G0ÞðxÞ ¼ 0: Thus
G ¼ G0:
Let B be the linear subspace of A which consists of all TAA for which pðTÞ can
be deﬁned. According to (1), RtAB and pðRtÞ ¼ pðtÞ1 for each tAG: If S; TAB;
then
pððSTÞð f ÞÞ ¼ pðSðTð f ÞÞÞ ¼ pðTð f ÞÞpðSÞ ¼ pð f ÞpðTÞpðSÞ
for each fAX : Therefore STAB and pðSTÞ ¼ pðTÞpðSÞ: Hence B is a subalgebra of
LðXÞ that contains all the right translation operators and so B ¼ A:
Finally, for all fAX and TAA we have UpðTð f ÞÞ ¼ p0ðTð f ÞÞU ¼ p0ð f Þp0ðTÞU
and UpðTð f ÞÞ ¼ Upð f ÞpðTÞ ¼ p0ð f ÞUpðTÞ: Hence p0ðTÞU ¼ UpðTÞ: &
Lemma 3.3. Let p and p0 be nonequivalent irreducible unitary representations of G: If
xAHp\f0g and yAHp0 \f0g; then there exists TAA such that pðTÞðxÞ ¼ 0 and
p0ðTÞðyÞa0:
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Proof. Let M ¼ fpðTÞðxÞ : TAAg: It is clear that x ¼ pðReÞðxÞ and so that xAM:
We claim that M is p-invariant. Indeed, set uAM; tAG; and write u ¼ pðTÞðxÞ for
some TAA: We have
pðtÞðuÞ ¼ pðRt1ÞpðTÞðxÞ ¼ pðTRt1ÞðxÞAM:
Since p is irreducible, it follows that M ¼ Hp:
Suppose the lemma is false. Then we can deﬁne a (bounded) linear map
G : Hp-Hp0 by GðpðTÞðxÞÞ ¼ p0ðTÞðyÞ: We note that GðxÞ ¼ GðpðReÞðxÞÞ ¼
p0ðReÞðyÞ ¼ ya0: We now proceed to show that GpðtÞ ¼ p0ðtÞG for each tAG:
Indeed, we have
GpðtÞðpðTÞðxÞÞ ¼ GpðRt1ÞðpðTÞðxÞÞ ¼ GðpðTRt1ÞðxÞÞ
¼ p0ðTRt1ÞðyÞ ¼ p0ðRt1Þp0ðTÞðyÞ ¼ p0ðtÞGðpðTÞðxÞÞ
for all TAA and tAG: By Schur’s Lemma [4, Lemma 3.5] it follows that G ¼ 0;
which gives a contradiction. &
Lemma 3.4. Let S be an infinite set of pairwise nonequivalent irreducible unitary
representations of G: Then one of the following assertions holds:
(i) There exist sequences ðpnÞ in S; ðTnÞ in A and ðxnÞ with xnAHpn such that
pnðTnÞ?pnðT1ÞðxnÞa0 and pnðTnþ1Þ?pnðT1ÞðxnÞ ¼ 0 for each nAN:
(ii) There exists TAA such that the set fpAS : pðTÞa0g is nonempty and finite.
Proof. Suppose that the second assertion does not hold. Set p1AS; T1 ¼ Re; and
x1AHp1\f0g: Then p1ðT1Þðx1Þ ¼ x1a0: Assume that p1;y; pnAS; T1;y; TnAA;
and x1AHp1 ;y; xnAHpn have been chosen so that pkðTkÞ?pkðT1ÞðxkÞa0 if kpn
and pkðTkþ1Þ?pkðT1ÞðxkÞ ¼ 0 if kon: Since pnðT1?TnÞ ¼ pnðTnÞ?pnðT1Þa0 and
the second assertion fails, it follows that the set fpAS : pðT1?TnÞa0g is inﬁnite.
Pick pnþ1AS\fpng and xnþ1AHpnþ1 such that pnþ1ðT1?TnÞðxnþ1Þa0: By Lemma 3.3
there exists Tnþ1AA such that
pnðTnþ1ÞðpnðTnÞ?pnðT1ÞðxnÞÞ ¼ 0
and
pnþ1ðTnþ1Þðpnþ1ðTnÞ?pnþ1ðT1Þðxnþ1ÞÞa0:
The sequences ðpnÞ; ðTnÞ; and ðxnÞ constructed in this way satisfy the requirements of
the ﬁrst assertion. &
On account of Lemma 3.2, if TAA and p0A½pAGˆ; then pðTÞ ¼ 0 if and only if
p0ðTÞ ¼ 0: Therefore the deﬁnition of the set f½pAD : pðTÞa0g makes sense.
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Lemma 3.5. One of the following assertions holds:
(i) The set D is finite.
(ii) There exists TAA such that the set f½pAD : pðTÞa0g is nonempty and finite.
Proof. Suppose that D is inﬁnite and that there exist sequences ðpnÞ; ðTnÞ; and ðxnÞ as
in the ﬁrst assertion of Lemma 3.4. Let Sn be the continuous linear operator from
ðX ; jj  jjÞ into Hpn deﬁned by Snð f Þ ¼ pnð f ÞðxnÞ for all fAX and nAN: It is easily
checked that SniX T1?Tm ¼ 0 whenever m4n: On account of Lemma 2.3 together
with (2), there exists nAN such that the operator
f/pnððT1?TnÞð f ÞÞðxnÞ ¼ pnð f ÞðpnðTnÞ?pnðT1ÞðxnÞÞ
from ðX ; j  jÞ into Hpn is continuous. Sinclair [14, Lemma 1.3] now shows that
pnðSÞðpnðTnÞ?pnðT1ÞðxnÞÞ ¼ 0:
Since S is translation invariant, Lemma 3.1 gives pnðSÞ ¼ 0; a contradiction.
According to Lemma 3.4, either D is ﬁnite and so (i) is obtained or there exists
TAA such that fpAD : pðTÞa0g is nonempty and ﬁnite and so (ii) holds. &
4. Matrix trick
In order to put into action harmonic analysis in our problem we require to
consider matrix-valued functions instead of complex-valued functions.
For each nAN; let MnðXÞ denote the linear space of all n  n matrices with
entries from X : Note that MnðCÞ can be embedded into MnðXÞ in the obvious
way. For every F ¼ ð fi;jÞAMnðL1ðGÞÞ we deﬁne
R
G
FðtÞ dt to be the matrix
ðR
G
fi;jðtÞ dtÞAMnðCÞ: It is obvious thatZ
G
FðstÞ dt ¼
Z
G
FðtÞ dt ð3Þ
for each sAG: For every linear operator T from X into itself, the map
ð fi;jÞ/ðTð fi;jÞÞ is a linear operator from MnðXÞ into itself. For simplicity of
notation, we continue to write T for this map.
MnðX Þ is made into a Banach space by deﬁning
jjð fi;jÞjj ¼
Xn
i¼1
Xn
j¼1
jj fi;jjj
for each ð fi;jÞAMnðXÞ: In particular we deﬁne
jjð fi;jÞjjN ¼
Xn
i¼1
Xn
j¼1
jj fi;jjjN
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and
jjðai;jÞjj ¼
Xn
i¼1
Xn
j¼1
jai;j j
for all ð fi;jÞAMnðCðGÞÞ and ðai;jÞAMnðCÞ: Moreover, MnðXÞ turns into a Banach
space when endowed with the norm
jð fi;jÞj ¼
Xn
i¼1
Xn
j¼1
j fi;jj
for each ð fi;jÞAMnðXÞ: On the other hand, it should be pointed out that CðGÞXCX
and then matrix multiplications FH and HF with FAMnðXÞ and HAMnðCðGÞÞ are
natural.
Lemma 4.1. Let FAMnðXÞ; HAMnðCðGÞÞ; and AAMnðCÞ: Then the following
assertions hold:
(i) HF ; FHAMnðXÞ; jjHF jjpjjHjjNjj F jj; and jj FHjjpjjHjjNjj F jj:
(ii) jAF jpjjAjjj F j and j FAjpjjAjjj F j:
Proof. We begin by observing that it is easy to check that HF ; FHAMnðXÞ:
We now write F ¼ ð fi;jÞ and H ¼ ðhi;jÞ: Then
jjHF jj ¼
Xn
i¼1
Xn
j¼1
jj
Xn
k¼1
hi;k fk;jjjp
Xn
i¼1
Xn
j¼1
Xn
k¼1
jjhi;k fk;jjj
p
Xn
i¼1
Xn
j¼1
Xn
k¼1
jjhi;kjjNjj fk;j jj ¼
Xn
i¼1
Xn
k¼1
jjhi;kjjN
Xn
j¼1
jj fk;jjj
p
Xn
i¼1
Xn
k¼1
jjhi;kjjNjj F jj ¼ jjHjjNjj F jj:
In the same manner we can see that jj FHjjpjjHjjNjj F jj: The matrix functions AF
and FA can be handled in much the same way, the only difference being at the end of
the ﬁrst line in which jai;k fk;jj ¼ jai;kjj fk;jj; where we write A ¼ ðai;jÞ: &
Let p be an n-dimensional unitary representation of G: When an ortho-
normal basis in Hp is ﬁxed, pðtÞ is represented by a (unitary) matrix
pMðtÞAMnðCÞ for each tAG: From now on we think of pM as being an element
of MnðCðGÞÞ:
Throughout this section we assume that the group G is such that there exist NAN;
a constant C1; and a subset KCG such that each function fAX has a representation
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of the form
f ¼ a þ
XN
k¼1
ð fk  Ltkð fkÞÞ;
where aAC; tkAK ; fkAX ; and jj fkjjpC1jj f jj for k ¼ 1;y; N:
Lemma 4.2. Let p be an n-dimensional unitary representation of G and fix an
orthonormal basis in Hp: Then there exist MAN and a constant C2 such that each
FAMnðXÞ has a representation of the form
F ¼ Ap1M þ
XM
k¼1
ðFkpMðskÞ  LskðFkÞÞ;
where AAMnðCÞ; skAK ; FkAMnðXÞ; jjAjjpC2jj F jj; and jj FkjjpC2jj F jj for
k ¼ 1;y; M:
Proof. We begin by observing that each FAMnðX Þ has a representation of the
form
F ¼ A þ
XM
k¼1
ðHk  LskðHkÞÞ;
where AAMnðCÞ; M ¼ Nn2; skAK ; HkAMnðXÞ; and jjHkjjpC1jjF jj for k ¼
1;y; M: Indeed, let F ¼ ð fi;jÞAMnðX Þ: For any i; jAf1;y; ng; fi;j can be written
in the form
fi;j ¼ ai;j þ
XN
l¼1
ð fi;j;l  Lti;j;l ð fi;j;lÞÞ;
where ai;jAC; fi;j;lAX ; and ti;j;lAK : We deﬁne A to be the matrix ðai;jÞ and Hi;j;l to be
the matrix with fi;j;l in the entry ði; jÞ and 0’s elsewhere. Of course jjHi;j;l jj ¼
jj fi;j;l jjpC1jj fi;jjjpC1jj F jj and we check at once that
F ¼ A þ
XN
l¼1
Xn
i¼1
Xn
j¼1
ðHi;j;l  Lti;j;l ðHi;j;lÞÞ
as required.
We now proceed to show the lemma. Let FAMnðXÞ: By Lemma 4.1
FpMAMnðXÞ: On account of the preceding observation, we can write
FpM ¼ A þ
PM
k¼1ðHk  LskðHkÞÞ with AAMnðCÞ; skAK ; HkAMnðX Þ; and
jjHkjjpC1jjpMjjNjj F jj for k ¼ 1;y; M: Taking into account Lemma 4.1 we
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see that
jjAjjp jj FpMjj þ
XM
k¼1
½jjHkjj þ jjLskðHkÞjj
p jj F jj jjpMjjN þ
XM
k¼1
2jjHkjjpjj F jj jjpMjjN þ
XM
k¼1
2C1jjpMjjNjj F jj
¼ ð2C1MjjpMjjN þ jjpMjjNÞjj F jj:
On the other hand, we have
F ¼ Ap1M þ
XM
k¼1
ðHkp1M  LskðHkÞp1M Þ:
For every k ¼ 1;y; M let Fk ¼ Hkp1M pMðskÞ1: Lemma 4.1 yields
jj FkjjpjjHkjj jjp1M jj2NpC1jjp1M jj2NjjpMjjNjj F jj
for each k ¼ 1;y; M: Let us observe that
LskðFkÞðtÞ ¼Fkðs1k tÞ ¼ Hkðs1k tÞp1M ðs1k tÞpMðskÞ1
¼Hkðs1k tÞpMðt1skÞpMðskÞ1 ¼ LskðHkÞðtÞp1M ðtÞ
for all k ¼ 1;y; M and tAG: We thus get
F ¼ Ap1M þ
XM
k¼1
ðFkpMðskÞ  LskðFkÞÞ: &
Lemma 4.3. Suppose that there exists a constant D2 such that
jLtð f ÞjpD2j f j
for all fAX and tAK : If TAA is such that dim TðSÞoN; then TðSÞ ¼ f0g:
Proof. Pick an n-dimensional unitary representation p and ﬁx an orthonormal basis
of Hp:
Let X denote the matrix spaceMnðXÞ when equipped with the norm jj  jj and let
Y denote the matrix space MnðXÞ when equipped with the norm j  j: T is a
continuous linear operator from ðX ; j  jÞ into itself. We denote its norm by jjT jj: T
lifts to a continuous linear operator from Y into itself which is easily checked to have
the same norm as T : For abbreviation, we continue to write T for this latter
operator.
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Set
R ¼ TðFÞAY : FAMnðSÞ and
Z
G
TðFÞðtÞpMðtÞ dt ¼ 0
 
:
The property that dimTðSÞoN entails that dimRoN and R is then closed in Y
(this is a key fact in the proof of the lemma). Let Z be the quotient Banach space
Y=R: Let us denote by j  jZ the quotient norm on Z and let us denote by Q the
quotient map from Y onto Z: Let F be the identity map from X into Y and let D1 be
the constant given in Lemma 2.2. On account of Lemma 2.1(ii), it is easily seen that
SðFÞ ¼MnðSÞ:
For every sAK we deﬁne Cp;s :Y-Y by
Cp;sðFÞ ¼ FpMðsÞ  LsðFÞ
for each FAY: The operator Cp;s satisﬁes the following properties:
(i) Cp;s is continuous and jjCp;sjjpD2 þ jjpMjjN: Indeed, for every FAX; we have
jCp;sðFÞjpj FpMðsÞj þ jLsðFÞjpj F j jjpMðsÞjj þ D2j F jpj F j jjpMjjN þ D2j F j:
(ii)
R
G
Cp;sðFÞðtÞpMðtÞ dt ¼ 0 for each FAY: This follows from the left-invariance
of Haar measure. Indeed,
Z
G
Cp;sðFÞðtÞpMðtÞ dt ¼
Z
G
ðFðtÞpMðsÞ  LsðFÞðtÞÞpMðtÞ dt
¼
Z
G
FðtÞpMðsÞpMðtÞ dt 
Z
G
LsðFÞðtÞpMðtÞ dt
¼
Z
G
FðtÞpMðsÞpMðtÞ dt 
Z
G
Fðs1tÞpMðtÞ dt
¼
Z
G
FðtÞpMðsÞpMðtÞ dt 
Z
G
FðtÞpMðstÞ dt ¼ 0:
(iii) TCp;s ¼ Cp;sT for each TAA; because LsRt ¼ RtLs for each tAG:
(iv) Cp;sðSðFÞÞCSðFÞ; which is clear from SðFÞ ¼MnðSÞ together with Lemma
2.1(i).
According to (iv), ðTCp;sÞðSðFÞÞCTðSðFÞÞ: From (ii) and (iii) we now deduce
that ðTCp;sÞðSðFÞÞ ¼ ðCp;sTÞðSðFÞÞCR and hence that
QTCp;sF
is continuous for each sAK:
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On account of Lemma 4.2, for every FAX we have
F ¼ Ap1M þ
XM
k¼1
ðFkpMðskÞ  LskðFkÞÞ;
where AAMnðCÞ; jjAjjpC2jj F jj; skAK ; FkAMnðX Þ; and jj FkjjpC2jj F jj for
k ¼ 1;y; M: Thus
QTFðFÞ ¼ QTðAp1M Þ þ
XM
k¼1
QTCp;skFðFkÞ
and so
jQTFðFÞjZpjQTðAp1M ÞjZ þ
XM
k¼1
jQTCp;skFðFkÞjZ:
On the other hand, we have
jQTðAp1M ÞjZp jTðAp1M ÞjpjjT jjjAp1M j
p jjT jj jjAjjjp1M jpC2jjT jj jj F jjjp1M j:
According to Lemma 2.2 and (i), we have
jQTCp;skFðFkÞjZ ¼ jðQTCp;skÞFðFkÞjZpD1jjQTCp;sk jj jj Fkjj
pD1jjT jjðjjpMjjN þ D2Þjj FkjjpD1jjT jjðjjpMjjN þ D2ÞC2jj F jj:
Consequently,
jQTFðFÞjZpðjjT jjC2jp1M j þ MD1jjT jjðjjpMjjN þ D2ÞC2Þjj F jj
for each FAX which implies that QTF is continuous and hence that TðSðFÞÞCR:
We are now in a position to show that TðSÞ ¼ f0g: Let fAS: Since fIASðFÞ;
where I stands for the identity matrix, it follows that Tð fIÞAR: HenceR
G
Tð fIÞðtÞpMðtÞ dt ¼ 0: On the other hand, it is clear that the operator pðTð f ÞÞ
is represented by the matrix
R
G
Tð fIÞðtÞpMðtÞ dtð¼ 0Þ: Since p is arbitrary, Lemma
2.1(iii) now shows that Tð f Þ ¼ 0; as required. &
5. Uniqueness of norm
Denote L20ðGÞ ¼ f fAL2ðGÞ :
R
G
f ðtÞ dt ¼ 0g: The trivial representation of G is
said to be weakly contained in the left regular representation of G on L20ðGÞ if there
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exists a net ð faÞ in L20ðGÞ such that jj fajj2 ¼ 1 and lim jj fa  Lt fajj2 ¼ 0 for each
tAG: Such a group is said, in [12], to have the mean-zero weak containment
property. Examples of compact groups which do not have the mean-zero weak
containment property includes many matrix groups, such as SOðnÞ for nX3; and all
compact simple Lie groups (see [2,8,12,15]). See also [10,11] for more examples of
compact groups which do not have the mean-zero weak containment property.
Lemma 5.1. If the trivial representation of G is not weakly contained in the left regular
representation of G on L20ðGÞ and X is either LpðGÞ for 1oppN or CðGÞ; then there
exist NAN; a constant C; and t1;y; tNAG such that each fAX has a representation of
the form
f ¼ a þ
XN
k¼1
ð fk  Ltkð fkÞÞ;
where aAC; fkAX ; and jj fkjjpCjj f jj for k ¼ 1;y; N:
Proof. Throughout the proof, X0 denotes the closed linear subspace of X deﬁned by
X0 ¼ f fAX :
R
G
f ðtÞ dt ¼ 0g:
We begin by observing that there exists NAN and t1;y; tNAG such that the map
F from X N0 into X0 deﬁned by
Fð f1;y; fNÞ ¼
XN
k¼1
ð fk  Ltkð fkÞÞ
for all f1;y; fNAX0 is surjective. This fact is shown in [12, Proposition] in the case
when 1opoN: When X is either LNðGÞ or CðGÞ this fact is established in [16].
The open mapping theorem now shows that F is open and hence that there is a
constant C such that each fAX0 can be written as Fð f1;y; fNÞ with fkAX0 and
jj fkjjpCjj f jj for k ¼ 1;y; N: This clearly gives the required representation of f :
Finally, if fAX let a ¼ R
G
f ðtÞ dt; so that f  aAX0; to get the desired representa-
tion. &
Theorem 5.1. Let G be a compact group with the property that the trivial
representation of G is not weakly contained in the regular representation of G on
L20ðGÞ and let X be either LpðGÞ for 1oppN or CðGÞ: Then every complete norm j  j
on X that makes translations from ðX ; j  jÞ into itself continuous is equivalent to jj  jjp
or jj  jjN; respectively.
Proof. We ﬁrst observe that Lemma 5.1 shows that G satisﬁes the requirement in
Section 4.
Suppose that the theorem fails to be true. Then Lemma 2.1 shows that Da|:
By Lemma 3.5 either D is ﬁnite or there exists TAA such that the set
f½pAD : pðTÞa0g is nonempty and ﬁnite. We shall deal with both cases
J. Extremera et al. / Journal of Functional Analysis 197 (2003) 212–227224
simultaneously. For the ﬁrst case we write T ¼ ReAA: Of course, pðTÞa0 for each
½pAD: Accordingly, in each of the cases there exists TAA such that S ¼
f½pAD : pðTÞa0g is nonempty and ﬁnite.
We claim that dim TðSÞoN: Indeed, let us write S ¼ f½p1;y; ½png and let fAS
be such that pkðTð f ÞÞ ¼ 0 for k ¼ 1;y; n: Note that pðTð f ÞÞ ¼ 0 if ½pAS; that
pð f Þ ¼ 0 and so pðTð f ÞÞ ¼ pð f ÞpðTÞ ¼ 0 if ½pAGˆ\D; and ﬁnally that pðTÞ ¼ 0 and
thus pðTð f ÞÞ ¼ 0 if ½pAD\S: We thus obtain that the map g/ðp1ðgÞ;y; pnðgÞÞ
from TðSÞ into LðHp1Þ"?"LðHpnÞ is injective. Since dimLðHp1Þ
"?"LðHpnÞoN we thus get dim TðSÞoN; as claimed.
Let t1;y; tNAG given by the preceding lemma and set D2 ¼
supfjLtið f Þj : fAX ; j f j ¼ 1; i ¼ 1;y; Ng: We now apply Lemma 4.3 to obtain
that TðSÞ ¼ 0:
Finally, take ½pAD with pðTÞa0: We have pðSÞpðTÞ ¼ pðTðSÞÞ ¼ 0 and Lemma
3.1 gives pðSÞ ¼ 0; which contradicts the choice of p: &
Remark 5.1. Since the trivial representation of SOðnÞ is not weakly contained
in the left regular representation of SOðnÞ on L20ðSOðnÞÞ whenever nX3;
Theorem 5.1 shows that LpðSOðnÞÞ for 1oppN and CðSOðnÞÞ carry a
unique (up to equivalence) complete norm that makes translations continuous
provided that nX3: Let us remark that SOð2Þ ¼ T and that it is shown in [5]
that LpðTÞ for 1opoN carries a unique (up to equivalence) complete norm
that makes translation continuous, unlike LNðTÞ and CðTÞ do not enjoy
this property. We ﬁnally observe that SOð1Þ ¼ f1g and hence LpðSOð1ÞÞ
for 1pppN and CðSOð1ÞÞ carry a unique (up to equivalence) norm, because all
of them are ﬁnite dimensional. Finally, let us point out that we shall prove in
Corollary 6.1 that L1ðSOðnÞÞ for nX2 does not have a unique translation invariant
norm.
Let us remark that if G and X are as in Theorem 5.1, then every left translation
invariant linear functional on X is continuous [12,16]. In fact, it turns out that the
uniqueness of norm on LpðGÞ is closely related to the classical problem whether or
not every translation invariant functional is automatically continuous. As a matter
of fact, we obtain the following result.
Theorem 5.2. Let G be a compact group, 1oppN; and suppose that every left
invariant linear functional on LpðGÞ is a constant multiple of the Haar integral. Then
every complete norm j  j on LpðGÞ that makes translations from ðLpðGÞ; j  jÞ into itself
continuous and that makes the map t/Lt from G into LðLpðGÞ; j  jÞ bounded is
equivalent to jj  jjp:
Proof. Let us ﬁrst note that [13, Theorem 2] shows that G satisﬁes the requirement in
Section 4. By hypothesis there exists a constant D2 such that jLtð f ÞjpD2j f j for all
fALpðGÞ and tAG:
Now the proof runs as before. &
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Remark 5.2. Let us remark that if j  j is a complete norm on LpðGÞ with the property
that left translations from ðLpðGÞ; j  jÞ into itself are continuous and that the map
t/Lt f from G into ðLpðGÞ; j  jÞ is continuous for each fALpðGÞ; then the
map t/Lt from G intoLðLpðGÞ; j  jÞ is bounded. Indeed, the continuity of the map
t/Lt f from G into ðLpðGÞ; j  jÞ and the compactness of G imply that the map is
bounded for each fALpðGÞ: The uniform boundedness theorem now shows that the
subset fLt : tAGg of LðLpðGÞ; j  jÞ is bounded.
Remark 5.3. On account of [13, Theorem 2], if 1oppN and the group G is such
that there is a left invariant linear functional on LpðGÞ which is not a constant
multiple of the Haar integral, then the codimension of the linear subspace E of LpðGÞ
generated by f f  Ltð f Þ : fALpðGÞ; tAGg is uncountable. Hence there exists a
discontinuous linear functional f on LpðGÞ that vanishes on E: We thus get a
discontinuous left invariant linear functional on LpðGÞ:
6. Nonuniqueness of norm
In this section we prove that translations do not determine the norm neither of
LpðGÞ for 1pppN nor of CðGÞ provided that there is a discontinuous two-sided
invariant linear functional. Discontinuous translation invariant linear functionals
have been shown to exist on a wide variety of translation invariant spaces of
functions on locally compact groups.
Theorem 6.1. Let G be a compact group and let X be either LpðGÞ for 1pppN or
CðGÞ: If there exists a discontinuous two-sided invariant linear functional on X ; then
there exists a complete norm j  j on X that makes translations from ðX ; j  jÞ into itself
continuous, that makes the maps t/Lt and t/Rt from G into LðX ; j  jÞ bounded,
and that is not equivalent to jj  jj:
Proof. Let f be a discontinuous two-sided invariant linear functional on X : We
claim that there is a discontinuous two-sided invariant linear functional c on X such
that cð1Þ ¼ 1: Indeed, if fð1Þ ¼ aa0 then we take c ¼ a1f: If fð1Þ ¼ 0; then we
deﬁne cð f Þ ¼ fð f Þ þ R
G
f ðtÞ dt for each fAX :
Since the map f/2f  cð f Þ1 is a linear bijection from X onto itself, it may be
concluded that j f j ¼ jj2f  cð f Þ1jj is a complete norm on X that is not equivalent
to jj  jj: Let t; sAG: For every fAX we have
jLt f j ¼ jj2Ltð f Þ  cðLtð f ÞÞ1jj ¼ jjLtð2f Þ  cð f Þ1jj ¼ jjLtð2f  cð f Þ1Þjj
p jjLtjj jj2f  cð f Þ1jj ¼ jjLtjjj f j;
which shows that LtALðX ; j  jÞ and that the map t/Lt from G into LðX ; j  jÞ is
bounded. In the same manner we can see that RtALðX ; j  jÞ for each tAG and that
the map t/Rt from G into LðX ; j  jÞ is bounded. &
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By Saeki [13, Theorem 1], for every inﬁnite compact group G; there exists a
discontinuous two-sided invariant linear functional on L1ðGÞ: On account of the
above theorem, we have the following result about the nonuniqueness of norm on
L1ðGÞ:
Corollary 6.1. Let G be an infinite compact group. Then there exists a complete norm
j  j on L1ðGÞ that makes translations from ðL1ðGÞ; j  jÞ into itself continuous, makes
the maps t/Lt and t/Rt from G into LðL1ðGÞ; j  jÞ bounded, and it is not equivalent
to jj  jj1:
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